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I. INTRODUCTION
In the paper [1], considering the very high energy
electron-nucleon scattering with peripheral production of
a hadronic state X moving closely to a direction of initial
nucleon and utilizing analytic properties of the forward
Compton scattering amplitudes on the nucleons, the new
sum rule, relating proton Dirac radius and anomalous
magnetic moments of the proton and the neutron to the
convergent integral of the difference of total proton and
neutron photoproduction cross-sections, was derived. In
this paper we extend the previous method deriving sum
rules for various suitable couples of the members of the
pseudoscalar meson nonet, giving into a relation mean
squared charge radii with the convergent integral of the
difference of total hadron photoproduction cross-sections
on the considered pseudoscalar mesons.
II. RELATION BETWEEN DIFFERENTIAL
MESON ELECTROPRODUCTION AND TOTAL
HADRON PHOTOPRODUCTION
CROSS-SECTIONS
Let us consider a very high energy peripheral electro-
production process on pseudoscalar mesons P
e−(p1) + P (p)→ e−(p′1) +X, (1)
where the produced pure hadronic state X is moving
closely to the direction of the initial meson. Its matrix
element in the one photon exchange approximation takes
the form
M = i
√
4πα
q2
u¯(p
′
1)γµu(p1) < X | Jν | P > gµν (2)
and m2X = (p+ q)
2.
Now, by means of the method of equivalent photons
[2], examining the pseudoscalar meson in the rest, the
∗e-mail: fyzidubn@savba.sk
†e-mail: dubnickova@fmph.uniba.sk
electron energy to be very high and the small photon mo-
mentum transfer, one can express the differential cross-
sections of the processes (1) as a function of q2 through
integral over the total hadron photoproduction cross-
sections on pseudoscalar mesons.
Really, applying to (2) the Sudakov expansion [3] of
the photon transferred four-vector q
q = βq p˜1 + αqp˜+ q
⊥ q⊥ = (0, 0,q), q
2
⊥ = −q2 (3)
into the almost light-like vectors
p˜1 = p1 −m2ep/(2p1p), p˜ = p−m2P p1/(2p1p), (4)
then using the Gribov prescription [4] for the numerator
of the photon Green function
gµν = g
⊥
µν +
2
s
(p˜µp˜1ν + p˜ν p˜1µ) ≈ 2
s
p˜µp˜1ν , (5)
where s = (p1 + p)
2 ≈ 2p1p ≫ Q2 = −q2, as a conse-
quence of the electron energy in (1) to be very high and
the photon momentum transfer squared t = q2 = −Q2 =
−q2 to be small one, one obtaines for the corresponding
cross-section
dσe
−P→e−X =
4πα
s(q2)2
pµ1p
ν
1
∑
X 6=P
〈P | JEMµ | X〉∗ ×
× 〈X | JEMν | P 〉dΓ (6)
with a summation through the created hadronic states
X .
Further, if the phase space volume of the final electron
is adjusted
1
(2π)3
d3p′1
2ǫ′1
=
1
(2π)3
d4qδ[(p1 − q)2] = 1
(2π)3
ds1
2s
d2q⊥,
(7)
in order to rewrite the final state phase-space volume in
(6) into the form
dΓ =
ds1
2s(2π)3
d2q⊥dΓX ; (8)
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Fig. 1: Sum rule interpretation in s1 plane.
with
s1 = 2(qp) = m
2
X + q
2 −m2P = sβq,
then the current conservation condition (αq p˜ gives a neg-
ligible contribution)
qµ〈X | JEMµ | P 〉 (9)
≈ (βq p˜1 + q⊥)µ〈X | JEMµ | P 〉 = 0,
is used in order to utilize in (6) the expression
∫
pµ1p
ν
1
∑
X 6=P
〈P | JEMµ | X〉∗〈X | JEMν | P 〉dΓX =
= 2i
s2
s21
q2ImA˜(P )(s1,q), (10)
with the amplitude A˜(P )(s1,q) to be by a construction
only a part of the total forward virtual Compton scatter-
ing amplitude A(P )(s1,q) on pseudoscalar mesons, which
does not contain any crossing Feynman diagram con-
tributions, for a difference of corresponding differential
cross-sections of the electroproduction on P and P ′ (af-
ter integration in (6) over dΓX , as well as over m
2
X , i.e.
over the variable s1 to be interested only for q distribu-
tion) one finds
(dσe−P→e−X
d2q
− dσ
e−P ′→e−X′
d2q
)
= (11)
=
αq2
4π2
∞∫
sth
1
ds1
s21[q
2 + (mes1/s)2]2
×
× [ImA˜P (s1,q)− ImA˜P ′(s1,q)].
Finally, if one neglects the second term in square brack-
ets of the denominator of the integral in (11) (owing to
the small value of me and high s in comparison with s1)
and takes the limit q2 → 0 along with the expressions
d2q = πdq2 and ImA˜P (s1,q)=4s1σ
γ∗P→X
tot (s1,q), one
comes to the Weizsa¨cker-Wiliams like relation
q2
(dσe−P→e−X
dq2
− dσ
e−P ′→e−X′
dq2
)
|
q2→0
= (12)
=
α
π
∞∫
sth
1
ds1
s1
[σγP→Xtot (s1)− σγP
′→X′
tot (s1)]
between the difference of q2 - dependent differential
cross-sections of the processes (1) and the convergent in-
tegral over the difference of the total hadron photopro-
duction cross-sections on pseudoscalar mesons.
III. SUM RULES FOR PSEUDOSCALAR
MESONS
Now, let us investigate analytic properties of the for-
ward Compton scattering amplitude A˜(s1,q) in s1-plane.
They consist in meson intermediate state pole at s1 = q
2,
the right-hand cut starting at the three meson threshold
and the u1-channel left-hand cut. Defining the path in-
tegral I (for more detail see [5]) in s1 plane
I =
∫
C
ds1
pµ1p
ν
1
s2
(
A˜(P )µν (s1,q)− A˜(P
′)
µν (s1,q)
)
(13)
from the gauge invariant light-cone projection pµ1p
ν
1A˜µν
of the part A˜µν of the total Compton scattering tensor
with photon first absorbed and then emitted along the
meson world line as presented in Fig.1a and once closing
the contour C to upper half-plane, another one to lower
3half-plane (see Figs. 1b), the following sum rule
π(Res(P
′) −Res(P )) = q2
∞∫
r.h.
ds1
s21
[ImA˜(P )(s1,q)−
− ImA˜(P ′)(s1,q)] (14)
appears with
Res(M) = 2παF 2M (−q2) (15)
to be the residuum of the meson intermediate state
pole contribution expressed through the pseudoscalar
meson charge form factor FM (−q2) and the left-hand
cut contributions expressed by an integral of the differ-
ence [ImA˜(P )(s1,q)−ImA˜(P ′)(s1,q)] are mutually annu-
lated. Then, substituting (15) into (14) and taking into
account (11) with d2q = πdq2, one comes to the meson
sum rules
[F 2P ′ (−q2)− F 2P ′(0)]− [F 2P (−q2)− F 2P (0)] =
=
2
πα2
(q2)2
(dσe−P→e−X
dq2
− dσ
e−P ′→e−X′
dq2
)
, (16)
where the left-hand side was renormalized in order to
separate the pure strong interactions from electromag-
netic ones. Moreover, substituting here for small values
of q2 the relation (12) and using the laboratory coordi-
nate system by s1 = 2mPω and finally taking a derivative
according to q2 of both sides for q2 = 0, one comes to
the new sum rule relating meson mean squared charge
radii to the convergent integral of the difference of cor-
responding total hadron photoproduction cross-sections
on mesons
1
3
(FP (0)〈r2P 〉 − FP ′(0)〈r2P ′ 〉) = (17)
=
2
π2α
∞∫
ωP
dω
ω
[
σγP→Xtot (ω)− σγP
′→X
tot (ω)
]
,
in which just a mutual cancelation of the rise of the latter
cross sections for ω →∞ is achieved.
IV. APPLICATION TO VARIOUS COUPLES OF
MESONS
According to the SU(3) classification of existing
hadrons there are the following members of the ground
state pseudoscalar meson nonet π−, π0, π+, K−, K¯0,
K0, K+, η, η′. However, in consequence of CPT invari-
ance the meson electromagnetic form factors FP (−q2)
hold the following relation
FP (−q2) = −FP¯ (−q2), (18)
where P¯ means antiparticle.
Since π0, η and η
′ are true neutral particles, their elec-
tromagnetic form factors are owing to the (18) zero in
the whole region of a definition and therefore we exclude
them from further considerations.
If one considers couples of particle-antiparticle like π±,
K± and K0, K¯0, the left hand side of (16) is owing to
the relation (18) equal zero and we exclude couples π±,
K± and K0, K¯0 from further considerations as well.
If one considers a couple of the isodoublet of kaons
K+,K0 and K−, K¯0, the following Cabibbo-Radicati [6]
like sum rules for kaons can be written
1
6
π2α〈r2K+〉 =
∫ ∞
ωth
dω
ω
[
σγK
+→X
tot (ω)− σγK
0→X
tot (ω)
]
(19)
1
6
π2α(−1)〈r2K−〉 = (20)
=
∫ ∞
ωth
dω
ω
[
σγK
−→X
tot (ω)− σγK¯
0→X
tot (ω)
]
in which the relation 〈r2
K+
〉 = −〈r2
K−
〉 for kaon mean
squared charge radii, following directly from (18), holds
and divergence of the integrals, due to an increase of
the total cross-sections σγK
±→X
tot (ω) for large values of
ω, is taken off by the increase of total cross-sections
σγK
0→X
tot (ω) and σ
γK¯0→X
tot (ω), respectively. If besides the
latter, also the relations
σγK
0→X
tot (ω) ≡ σγK¯
0→X
tot (ω) (21)
σγK
+→X
tot (ω) ≡ σγK
−→X
tot (ω),
following from C invariance of the electromagnetic inter-
actions, are taken into account, one can see the sum rule
(20), as well as all other possible sum rules obtained by
combinations K+K¯0,K−K0, to be contained already in
(19).
The last possibility is a consideration of a couple of
mesons taken from the isomultiplet of pions and the iso-
multiplet of kaons leading to the following less precise (in
comparison with (19)) sum rules
1
6
π2α[(±1)〈r2pi±〉 − (±1)〈r2K±〉] = (22)
=
∫ ∞
ωth
dω
ω
[
σγpi
±→X
tot (ω)− σγK
±→X
tot (ω)
]
1
6
π2α(±1)〈r2pi±〉 = (23)
=
∫ ∞
ωth
dω
ω
[
σγpi
±→X
tot (ω)− σγK
0→X
tot (ω)
]
,
as there is no complete annulation of the left-hand cut
contributions in (14) due to a larger difference in the
masses of joining pairs of particles.
The latter assertion can be roughly confirmed as fol-
lows. The left-hand cut contribution in (14) has no direct
4interpretation in terms of a cross-section. Nevertheless,
it can be associated (for more detail see ref. [7]) with con-
tribution to the cross-sections ofMM¯ meson pair electro-
production on considered target meson M , arising from
taking into account the identity of final state mesons.
Then the left-hand cut contribution to the derivative ac-
cording to ~q2 at ~q2 = 0 of scattering amplitudes entering
sum rules have an order of magnitude
I =
g4
(2π)3s1max
, s1max = max[m
2
ρ, 8m
2
M ] (24)
where g is the strong coupling constant of the ρ-meson
to the considered meson and mM is the mass of the tar-
get meson. Taking the PDG [8] typical value for the
total cross-section of scattering of a pion on proton to
be σpiNtot ≡ 20 [mb], then ρ-meson t-channel contribu-
tion and s1max = m
2
ρ in the case of the target me-
son is charged pion and s1max = 8m
2
K in the case of
the target meson is kaon, we have Ipi ≈ 0.081 [mb]
and IK ≈ 0.024 [mb] respectively, which confirm above
mentioned statement.
Now taking the experimental values [8]
(±1)〈r2
pi±
〉 = +0.4516± 0.0108 [fm2]
and
(±1)〈r2
K±
〉 = +0.3136± 0.0347 [fm2]
one comes to the conclusion that in average
[σγpi
±→X
tot (ω)− σγK
±→X
tot (ω)] > 0 (25)
[σγK
−→X
tot (ω)− σγK¯
0→X
tot (ω)] > 0
from where the following inequalities for finite values of
ω in average follow
σγpi
±→X
tot (ω) > σ
γK±→X
tot (ω) > σ
γK¯0→X
tot (ω) > 0. (26)
Subtracting up (19) or (20) from the relation (23) the
sum rule (22) is obtained, what demonstrates a mutual
consistency of all considered sum rules. They have been
derived in analogy with a derivation [1] of the sum rule
for a difference of proton and neutron total photopro-
duction cross-sections, which are fulfilled with a very
high precision. Therefore we believe that also the sum
rules for total cross-sections of hadron photoproduction
on pseudoscalar mesons presented in this paper are cor-
rect. However, the final word is always given by experi-
mental tests.
The experimental test of the derived sum rules can be
practically carried out if there are known the total hadron
photoproduction cross-sections on pions and kaons as a
function of energy, which, however, are missing till now.
Nevertheless, the idea of a conversion of the electron
beams of linear e+e− colliders into photon beams, us-
ing the process of the backward Compton scattering of
laser light off the high energy electrons, which is known
[9] already for few decades, together with a real possibil-
ity of a production of enough intensive beams of pions
[10] provide a real chance for measurements of the total
hadron photoproduction cross-sections on charged pions
and kaons, and as a result also the experimental test of
the sum rules derived in this paper.
V. CONCLUSIONS
Considering the very high energy peripheral electron
pseudoscalar meson scattering with a production of a
hadronic state X moving closely to the direction of ini-
tial meson, then utilizing analytic properties of the for-
ward Compton scattering amplitude on the same meson,
for the case of small transferred momenta new Cabibbo-
Radicati [6] like sum rules, relating the corresponding
meson mean squared charge radii with the convergent
integral over a difference of the total hadron photopro-
duction cross-sections on mesons are derived. Unlike the
sum rules (19), (20), (22) and (23), derived in this paper,
there could be difficulties with experimental verification
of the Cabibbo-Radicati sum rule due to appearance of
the sum of total photoproduction cross-sections on pions
with the transition always to a hadronic state with a spe-
cific isospin state and moreover, the convergence of the
corresponding integral is questionable.
The work was partly supported by Slovak Grant
Agency for Sciences, Grant 2/4099/25 (S.D. and A.Z.D.).
The authors (S.D. and A.Z.D) would like to thank to TH
Division of CERN for a warm hospitality where the paper
was finished.
[1] E. Bartos, S.Dubnicka and E. A. Kuraev , Phys. Rev.
D70 (2004) 117901-1.
[2] A.I. Akhieser and V. B. Berestecky, Ouantum electrody-
namics, NAUKA, Moscow, 1981.
[3] V.V. Sudakov, Sov. Phys. JETP 3 (1956) 65.
[4] V.N. Gribov, Lectures on the theory of complex angular
momenta, Phys.-Tech. Inst., Kharkov, 1970.
[5] V.N. Baier, V.S. Fadin, V.A. Khoze, E.A. Kuraev, Phys.
Rep. 78 (1981) 293.
[6] N. Cabibbo, L.A. Radicati, Phys. Lett. 19 (1966) 697.
[7] E.A.Kuraev,M.Secansky,E.Tomasi-Gustafsson,
hep-ph/0601201
[8] S.Eidelman at al, Phys. Lett. B592 (2004) 1.
[9] I.F.Ginzburg, G.L.Kotkin, V.G.Serbo and V.I.Telnov,
JETP Lett. 34 (1981) 491.
[10] P.L.Frabetti, O.V.Savchenko and E.M.Syresin, Particle
and Nuclei Lett. Vol.3 No.2(131) (2006) 73.
